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Abstract: Tides and tidal currents in Tokyo Bay are calculated by using a three dimen-
sional numerical model, where vertical eddy viscosity coefficient is computed by the
Prandtl’s mixing length theory. The results well reproduce the two-dimensional structure
of tides and tidal currents in Tokyo Bay, Japan. On the basis of these results, we calculate
the vertical tidal current whose amplitude is smaller than 10 *cm/s in the most places of
Tokyo Bay. At the mouth of Tokyo Bay, where water depth varies rapidly, the amplitude
of vertical tidal current attains to the order of 10"*cm/s. The tidal stresses calculated in two
ways, e.g. two dimensional and three dimensional methods, have no differences in princi-

ple in most places of Tokyo Bay.

1. Introduction

It is well known that the currents play an im-
portant role in the material transport processes
and the tidal currents consist of the major parts
of the movements of water in coastal seas. Be-
cause the tidal currents have some potential ef-
fects to the primary production, the structure of
tidal currents, especially its three dimensional
structure is worth to study.

The tides and tidal currents in Tokyo Bay have
been studied by Yamapa (1971), UNOKI et al.
(1980) and NagasHIMA and Orapa (1984)
based on the observed data. YANAGI and
SHiMIzu (1993) calculated the two dimensional
tidal currents as a part of the research on the
sedimentation processes in Tokyo Bay.

It can be said that we have known the general
characters of tides and tidal currents in Tokyo
Bay. But as for the vertical tidal currents we
have neither observed data nor calculated re-
sults about its order or the place where the ver-
tical tidal current is large. And for the research
of material transport processes, we need a basic
three dimensional current field. For these pur-
poses, we calculate the three-dimensional struc-
ture of tides and tidal currents in Tokyo Bay in
this paper.

2. Model
2.1 Formulation
Based on the fact that tidal waves are
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gravitaional long-waves (by nature), the first
order linear equations is:
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where the continuity equation (2-1-3) has
been integrated from the sea bed to the sea sur-
face.

The boundry conditions are:
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along the open boundary C::
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In the above, x, y, z constitute a Cartesian co-
ordinate system at the right-hand side, the plane
x, y coinsides with the undisturbed sea surface,
and z is positive upward; ¢t denotes the time; u,
v denote the components of tidal currents in «x,
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vy directions, respectively, and w represents the
vertical component; { is the elevation of the
tide measured from the undisturbed sea surface;
fis the Coriolis parameter (=8.469X 10 %sec™);
v is the coefficient of vertical eddy viscosity; g
is the gravitational acceleration(=980cm/sec?;
S denotes the tidal elevation along the open
boundary; h is the water depthe; cos a ., cos
a, denote the direction-cosines normal to the
boundary.

Before calculation, we have to make a turbu-
lence closure model to decide the value of v . The
simplest one is to take up the vertical eddy vis-
cosity coefficients as a constant (YANAGI et al.,
1983; Fanc and IcHIYE, 1983) or a variable
which can vary in the vertical direction accord-
ing to a given function (WaNG , 1989; 1992) or
vary in horizontal direction by given different
values at different horizontal positions
(YaNacI and Icawa, 1993). But such ways in-
clude too many factors of mankind and usually
fail to give a correct vertical profile of the tidal
currents near the sea bed (FANG and IcHIYE,
1983). If we use the high level turbulence closure
models such as the first order model or second
order model of turbulence described by
Koutitas (1987), we must solve another one or
two different equations of the turbulent kinetic
energy or the rate of dissipation of the
turblulent kinetic energy besides the above equa-
tions. Considering the boundary layer character
of the coastal water (YanG, 1992) and reason-
able time consumption in computer, we would
like to choose the zero order turbulent model,
that is the Prandtl’s mixing length theory as our
turbulence closure model. It will be shown that
in our numerical schemes the Prandtl’s mixing
length theory will not cost much calculating
time than the model where the vertical eddy vis-
cosity coefficient is a constant and this model
really improve the accuracy of calculated re-
sults. The another reason why we choose the
Prandtl’s mixing length theory is that twe pa-
pers (FaNg and IcHIYE, 1983; Yang, 1992)
show that the mixing length theory suits to the
study of tides and tidal currents.

Using the same denotations as the above equa-
tions, we have
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Where k£, is the Karman constant approxi-
mately equal to 0.4, and zois the sea bed rough-
ness length, s is a parameter introduced by
Fanc and IcHrvE (1983) which express the
roughness of sea surface. Vois a small number
(=2.0cm?/sec) which prevent the vertical eddy
viscosity coefficient from equaling to zero.

2.2 Procedure

The above equations with the constant verti-
cal eddy viscosity coefficient had been solved by
means of the splitting velocity method (SuN,
1992) which was applied to tidal problem in
Bohai Sea (WANG, 1989) or the East China Sea
(Wang, 1992). In their calculations, the
authors mainly follow the line of Hansen’s
boundary-value problem which need many ob-
served data along the coatal line. Usually this
is very difficult. By the thought that a correct
tidal currents field could produce a correct tidal
elevation, we would like to follow the idea of
hydrodynamics numerical methods. Along this
line, YaNG (1992) has calculated the tide in
Bohai Sea. In our paper, we made some im-
provements over his works and calcutated the
tides in Tokyo Bay.

Here, we want to use the A.D.I method
(LEENDERTSE et al., 1973), which had been
proved as an effective and corrective method in
coastal numerical calculations, to treat the
time-depending differential terms in the above
equation. In the first half time step, we have:
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By this way, in each time step we only need to

solve a triangle matrix which can be easily done

by the Thomas algorithm (RoACHE, 1976).
Other than the finite-difference of the space-

depending terms directly, we would like to split

the horizontal velocities in advance as follows:
in the first half time step,
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in the second half time step,
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By this way, we separate the velocity into two
parts, in which one is connected to the gradient
of tidal elevation and another one is connected
to other force such as the Coriolis force. This
method had been successfully used in many as-
pects of coastal calculations such as storm
surge, tide and circulations (Sun, 1992) and
were-called as the velocity splitting method in
China.

Here Pe, Pu, Ge, Gu represent the vertical
profile functions of the tidal currents respec-
tively and superscripts n, n+1/2, n+1 represent
different time levels. Substitute (2-2-7) and
(2-2-8)into the momentum equations (2-2-1)
and (2-2-2)in the first half time step or substi-
tute (2-2-9)and (2-2-10) into the momentum
equations(2-2-4) and (2-2-5) in the second half
time step, we can get a series of one dimensional
differential equations about the vertical profile
functions Pe, Pu, Ge, Gu as follows:
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This equation is just a one-dimensional differ-
ential equation which can be solved by many
methods (Sun, 1992). If we have some interests
about the profile of tidal currents near the sea
bed, we can use the logarithm coordinate trans-
fer in the vertical direction such as FANG and
IcurvyE (1983). Here, we just use the general
methods to solve these equations in which we re-
place the unknown vertical eddy viscosity coeffi-
cient by using the upper time level’s value. If we
take the vertical eddy viscosity coefficient as a
constant, we will need not calculate it and even
can get the analytical solotuin about Pe and Ge.
In fact, apart from the calculation of the verti-
cal eddy viscosity coefficient in each time step,
there is no difference between the Prandtl’s mix-
ing length theory and constant vertical eddy vis-
cosity coefficient model in our numerical model.

As for the water elevations, we can substitute
(2-2-7) and (2-2-8) into the continuity equa-
tions (2-2-3) in the first half time step or sub-
stitute (2-2-9) and (2-2-10) into the continuity
equations (2-2-6) in the second half time step
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and get a two dimensional differential equation
only about the water elevations as follow:
in the first half time step,

Ai«l,j{iﬂ,/ + Bi,j:;,j—" Ci+1.jé’i+l.j: Ti.j
(2-2-12);

in the second half time step,

Di‘j—l {i,jfl + Ei,j(i,j + Fi,j+l é’i,j+1:Si,j
(2-2-13);

where the coefficients of these algorithm
equations are the integrated values of Pe, Ge,
Puv and Guv from the sea bed to the sea surface.
By the Thomas Algorithm, we can solve these al-
gorithm equations just on the lines parallel to
X-axis in the firt half time step and on the lines
parallel to Y-axis in the second half time step.

The process in which we solve the equations is
that at first, we solve Ge"*'?, Gv**% and we
can get the value of v""*% according to (2-2-8).
After this step, we solve the Pe"*'? Py **'%
and substitute these values into the tidal
elevation equation (2-2-12) to get the values of
{"*v: Then we can get the value of
u""*"* according to (2-2-7). At the second half
time step, we make some changes on the order of
the solving processes and almost repeat the
same procedure as that at the first half time
step.

By this way, it can be known that instead of
solving a three dimensional tidal problem, we
may solve a two dimensional finite-difference
equation and a series of one dimensional differ-
ential equation at each horizontal point. And
also, if we need, we can get a detail vertical pro-
files of the tidal currents without too much in-
crease of calculating time.

3. Results

The size of horizontal mesh is lkm in X-
direction and Y-direction and we divide the
water depth into 10 layers. The time step is 45
seconds which is 2.8 times longer than Courant-
Friedrichs-Lewy condition. The sea bed rough-
ness length zo is taken as 0.04 cm according to
MaTtsumoro (1983) and SoursBy (1983). The
parameter of s is taken as 0.1 according to
FANG and IcHIYE (1983). The whole time of
calculation is four tidal periods.

Japan

139°40'E
35°40'NF

35°30'NF

35°20'NF

35°10'N

Fig. 1. Water depth in Tokyo Bay.

Figure 1 is the contour line of water depth of
Tokyo Bay which is produced by the water depth
data used in calculation.

The observed and calculated co-range and co-
tidal charts of M: and K; are drawn in Figs. 2
and 3, respectively. As for the M. tide, the cal-
culated amplitudes agree to the observation
very well but the phases have some difference
with the observation. This may be brought by
the no slip condition at the sea bed which lead to
a large velocity gradient near the sea bed in the
vertical direction and then lead to a large sea
bed friction. From Fig. 3, it can be seen clearly
that the calculated phases of K: tide are nearly
the same as the observed ones, but in the head of
the bay the calculated amplitudes are smaller
than the observed ones. We guess that the less
increase of the tidal elevation may be brought
by the large dissipation of the kinetic energy
caused by the large vertical eddy viscosity coef-
ficient.

The M. tidal current ellipses in Tokyo Bay
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M. tide M. tide

- Amplitude(cm)

------ Phase (deg.)

(Observed) (Calculated)
Fig. 2. Observed and calculated co-range and co-tidal chart of M, tide.

K, tide

—— Awmplitude(cm)
------ Phase (deg.)

(Observed) (Calculated)
Fig. 3. Observed and calculated co-range and co-tidal chart of K tide.

171



178 La mer 32, 1994

M. tide

+: anticlockwise

Mz tide

+: anticlockwise

— UPPER \\ : clockwise -: clockwise
--- LOWER
~ 20cm/s 40cn/s 40cn/s
— —
(Observed, Unoki et 21.1980)
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Fig. 4. Horizontal distribution of observed and calculated M, tidal current ellipses.

have been drawn by UNOKI et al. (1980). Here
we reprint their chart of tidal current ellipses in
winter season, and draw the calculated M, tidal
current ellipses at the same points in Fig.4
where “upper” represents the results at the
depth of 3 meters below the sea surface and
“lower”represents the results at the 5 meters
over the sea bed. By this way we can know that
the calculated horizontal distribution of Mo,
tidal current ellipses are similar to the observed
results. Noticing the characters of the rotation
direction of M. tidal current ellipses, we can
find easily that the rotation direction varies
from clockwise in the upper layer to the
anticlockwise in the lower layer or keeps
anticlockwise from the upper layer to the lower
layer in the most part of Tokyo Bay. This char-
acter is the same as the conclusion of
NaGgasHIMA and Oxapa (1984).

Figure 5 is the vertical distribution on M.
tidal current ellipses at the points shown in Fig.
1. The left ones is the observed results (reprinted
from the book of Tokyo Bay, ed. by
OGURA, 1993) and the right ones is the calcu-
lated results. From this figure we can see that
apart from the rotation direction of the tidal
currents, the calculated tidal currents are nearly
the same as the observed ones. In fact, we can
not know the rotation direction of the observed
tidal currents from the observed tidal currents
ellipses, so we can not say anything about this

point.

The amplitude and phase of calculated M: and
K. tidal currents at the depth of 10 meters are
shown in Fig. 6 which show that the amplitude
of M: tidal currents is 30-40 cm/s at the mouth
of Tokyo Bay, 15 cm/s in the central part of the
bay and 510 cm/s in the head of the bay. This
result is the same as the observed ones (UNOKI
et al., 1980). From Fig. 6, we can also know
that the tidal currents along the west coast are
stronger than those along the east coast of
Tokyo Bay. This phenomenon had been found by
YaMmapa (1970). The phase distribution of M,
and K, tidal currents show that the shallower
the water depth is, the earlier the turn of tidal
current is.

After the above comparisions, it can be said
that we have well reproduced the tides and tidal
currents in Tokyo Bay by a three dimensional
scheme.

The vertical component of tidal currents have
been thought to have some potential effects on
the primary production in the coastal sea. It is
valueable for us to calculate the vertical compo-
nent of tidal currents in Tokyo Bay. The for-
mula used in the calculation of w is
ov

= d7’

—_ [ ou ,.,_
wl.= fﬁh ox dz Oy

-0
Figure 7 is the calculated amplitude of the
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Fig. 5. Vertical distribution of observed (left) and calculated (right) tidal current ellipses

at 6 points shown in Fig.1

vertical tidal currents. From this figure, we can
know that the order of vertical tidal current in
most of Tokyo Bay is smaller than 10 *cm/s. In
the region such as the mouth of the bay where
the water depth varies rapidly, the vertical tidal
current can get the order of 10 %cm/s. If we di-
vide the speed of horizontal tidal currents to
that of vertical tidal current, we can know the
ratio is about 10°. This order is the same as the
aspect ratio of the horizontal length scale of
Tokyo Bay, 60km, to the characteristic depth of
Tokyo Bay, 20 m, which is usually used to esti-
mate the order of the vertical tidal currents.

4. Discussion

It is a difficult point to decide the values of
the vertical eddy viscosity coefficient in the nu-
merical calculation of coastal oceanography. In
our calculation, we take the vertical eddy viscos-
ity coefficient as a constant (50 cm?*/s) at first
and get the co-range and co-tidal chart of M,
tide as shown in Fig. 8 which could be said hav-
ing the same distributing tendency as the ob-
served ones. But as trying other constants such
as 10 ecm?/s or 100 cm?/s, we got some little dif-
ferent results from Fig.8. This suggests that we
have to choose a high level turbulence closure
model such as the Prandtl’s mixing length the-
ory to enclose our turbulent model.
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C at 10m depth
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} , Amplitude
;/g (cm/s)

K. tide

at 10m depth

Amplitude
(cm/s)

at 10m depth

at 10m depth ]

Phase
(deg.)

Fig. 6. Horizontal distribution of the amplitude and phase of horizontal M. and K. tidal currents

at the depth of 10 meters.

Here we show the horizontal distribution of
calculated <v> at the depth of 10 meters in
Fig.9 and the vertical distribution of calculated
< v > for M, tide at one point with the depth of
29 meters in Fig. 10 whose horizontal position is
expressed by “+” in Fig. 9. Here < >> expressed
the average over one tidal period. On the fact

that we have well reproduced the tides and tidal
currents in Tokyo Bay, we think that the value
of <v> calculated by the Prandtl’s mixing
length theory can be accepted although these
values are larger than the general concept. In
fact the order of 10 cm/s has been used for many
times (WanNg, 1989, 1992) and the result of
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LK, tide ’—LLL‘M
= [

)

M. tide

’ <1 _JJJ

f‘Lf) . at 10m depth
. N .

Py ] |
x 107%(cm/s) ’i—é [ [ x107%(cm/s)

Fig. 7. Horizontal distribution of the amplitude of M: and K. vertical tidal currents
at the depth of 10 meters.

FaNG and IcuivyE (1983) has also been this
order. From Fig. 9, we can see that at the
mouth of bay where the tidal currents and water
depth vary rapidly the value of <v>> is large.
From Fig.10, we can see that below the middle
layer of the whole water depth, the <v> take
its maximal value and the distribution curve
from the sea bed to the sea surface approach a
parabola which is similar to the experimental
result reported by Sumi (1991). In fact, this
form is also usually used in three dimensional
coastal ocean models (Nigour, 1977; TEE,
1979). From this chart, we can also see that be-
cause the number of mesh points in vertical
deirection is just 10, there is a little anomalous
near the sea bed.

It is well known that the tide-induced residual
current, which has important effects on the ma-
terial transports processes in the coastal sea, is
produced by the nonlinear effects of the tidal
current. The tidal stress has been accepted as a

— Amplitude(cm) ‘ force which ha}ve the same effects to the sea

] water as the wind or the buoyancy (NIHOUL and

--- Phase (deg.) ; RoNDAY, 1975; YaNaaI, 1989). In a two dimen-

B R sional tidal model, the tidal stress is calculated
(Calculated) by:

Fig. 8. Calculated co-range and co-tidal of M,
tide as v=50cm®/s.
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M. tide

at 10m depth

<v>

(cmZ/S):

vvvvvvv

at 10m depth

<v>
(cm?/s) ;

Fig. 9. Calculated horizontal distribution of <v>> at the depth of 10 meters.

Depth(m)
Or

<v>

Fig. 10. Vertical distribution of <v> for M. tide
at the central part of Tokyo Bay calculated
by Prandtl’s mixing length theory.

50 100 150  200( cm2/s)
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where u, U represent the water depth averaged
velocity, < >> represent the average over one-
tidal cycle. In a three dimensional tidal model,
the tidal stress is

Ou Ou

_ Ou Ou Ou _
S.= <uax +o gt su az> 4-3)

S,= @g§+v§§+w%§> (-0

As these two ways are usually used in the cal-
culation of tidal stress, we would like to check
the difference between these two ways. Figure
11 is the results we get by these two ways in
which “2-D”represents the results calculated by
formula (4-1) and (4-2), “3-D” represents the
results at the depth of 10 meters calculated by
formula (4-3) and(4-4), “3-D’” represents the
results at the same depth calculated by the first
two terms in formula (4-3) and (4-4). From
these results we can know that the difference be-
tween 2-D and 3-D models is very small in most
parts of Tokyo Bay. The contribution coming
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M. tide

tidal stress
at 10m depth

3-D Model
%10~ *(cm/s*)

tidal stress
at 10m depth

tidal stress

2-D Model
X 10-*(cm/s?)

3-D' Model
x 107 *(cm/s?)

tidal stress
at 10m depth

3-D Model
X 107*(cm/s?)

tidal stress
at 10m depth

tidal stress

3-D' Model 2-D Hodel

x107“(cm/s?) x107*(cn/s?)

Fig. 11. Tidal stress produced by M: and K. tidal currents.

from the last term of formula (4-3) and (44) is
also small in most parts of Tokyo Bay. By com-
paring to the tidal stress in Osaka Bay
(YanacI and TAKAHASHI, 1995), we can also
know that the tidal stress in Tokyo Bay is
smaller than that in Osaka Bay by one or two
orders. On the other hand, it is clear that we
can ignore the contribution of K, tidal currents
when we calculate the tide-induced residual cur-
rents in Tokyo Bay.

5. Conclusion

(1) The tides and tidal currents in Tokyo Bay
calculated by a three dimensional model well re-
produce the observed ones. The vertical eddy vis-
cosity coefficient has a great influence on the

accuracy of calculated results.

(2) The vertical tidal current is smaller than
10~ %cm/s in most parts of Tokyo Bay. In the
places such as the mouth of Tokyo Bay, where
the water depth varies rapidly, the vertical tidal
current can attain to the order of 10~%cm/s.

(3) The tidal stress calculated by two dimen-
sional model and three dimensional model have
no difference in principle in most parts of Tokyo
Bay. The tidal stress caused by M. tide in Tokyo
Bay suggests that the tide-induced residual cur-
rent is large near the bay mouth but small in
most parts of Tokyo Bay. The tide-induced re-
sidual current caused by K tide can be ignored in
Tokyo Bay.
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HEUE DD 3 RoTHiE
% FF W T

B SRTHIEETVEE - T, REEOMYW EBEEHE L, SMEFEERMAKII Prandtl’s
RAEERIC & > TR, HTEORRIEFEBOEY LHROKEZRTEEEL LCHRL, &
NoORREEL S S IHIROMBERS R Lk, REBOKXKIBS O T 1B O MERS ORIE I
10%cm/s & /NS VA, BOD & S LKBEOEASBMLVWHTIE W0 %em/s 2B 3 T &b 5,
ZRITLEFNEZRTCEFNVIC X VB LIS A NS &, WEBOKRMS O TIRBEICAK
BHEENEVE WD T MBS 5B,



